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THE AUTOMORPHIC TRANSFORMATION OF A BILINEAR FORM. 

BY J. H. M. WEDDERBURN. 

1. Introduction. The problem of transforming a bilinear form into 
itself cogrediently was first solved by Hermite* and Cayley for symmetric 
and skew-symmetric forms and later by Vosst for any form. This solu- 
tion has two defects; in the first place it only gives transformations whose 
determinant is + 1, and secondly it becomes indeterminate for those 
transformations whose characteristic roots include both + 1 and - 1. 
These exceptional cases have been treated more or less completely by a 
number of authors. 

The aim of this note is to present a method of obtaining a form for 
the automorphic transformation which displays clearly the r6le played 
by the exceptional cases. The parameters in this solution enter tran- 
scendentally but it is free from the first kind of exception; and in deriving 
from it the Hermite-Cayley form, which is rational, the analytical nature 
of this exceptional case is made clear. 

The exponential and logarithmic functions of a matrix form the basis 
of the exposition and in view of this it has been thought advisable to 
include a short discussion of functions of a matrix in general especially as, 
in spite of the fact that there is little or nothing new in the results ob- 
tained, there is no place in the literature where the necessary properties 
are collected together. 

2. The idempotent units of a matrix. If the elementary divisors of a 
matrix x are (X - gi)Pi (i = 1, 2, * , r), then, when the basis is properly 
chosen, x can be expressed: as the direct sum of irreducible matrices of 
the form 

gi1 

(1)X1= giei + vi, (i = 1 2, * , r) 

g7 

* Hermite, "Sur la th6orie des formes quadratiques ternaires ind6finies," Crelle, 47 (1854), 
pp. 307-312; Cayley, "A memoir on the automorphic linear transformation of a bipartite quadric," 
Lond. Phil. Trans., 148 (1858), pp. 39-46. For further references see Encyc. des Sci. Math., 
I, 2, fasc. 4, p. 489. 

t Voss, "Uber die cogredienten Transformationen einer bilinearen Form in sich selbst," 
Munch. Abh., 17 (1892), pp. 235-356. 

1 Cf. B6cher, Higher algebra, p. 289. 
122 
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where ei and pi are matrices of rank pi and pi - 1, respectively, which 
satisfy the conditions 

(2) ei2 = ei, A1-~" = 0, qP"'-l $ 0, ei'q = q, = ?7iei, ejej = 0 (i $ J). 

We shall say that es and 71i are the idempotent and nilpotent units corre- 
sponding to the elementary divisor (X - gi)Pi. These units are not unique 
when the same root occurs in several elementary divisors. For instance, 
if x is the matrix 

g O O 
0 g 1 
0 0 g 

or, using matric units* epq, 

x = ge11 + g(e22 + e33) + e23, 

where e1 = el,, e2 = e22 + e33 and 772 = e23; then if we set 

all = el- e13 a12 = e12 a13 = e13 
a21 = e2 -e23 a22 = e22 a23 = e23 
a31 = el1-e13 + e3l-e33 a32 = e32 + el2 a33 = e33+ el3, 

the a's form a set of matric units and 

x = g(eii - e13) + g(e22 + e33 + el3) + e23 
= gall + g(a22 + a33) + a23, 

so that ell - el3 and e22 + e33 + el3 might have been chosen as idempotent 
units in place of el and e2. 

It is shown below that, in any representation of x in the form (1), 
the sum ej of all the idempotent units which belong to the same root gq 
is independent of the particular representation used. It will be called 
the principal unit corresponding to gj, its parts being called partial units. 

It should be noticed that other normal forms are possible: for instance, 
in place of (1) we can by a different choice of 7i express xi in the form 

(3) xi = giei + hi,77i + hi2r772 + *. + hi, 177jP, 

where the h's are preassigned constants different from zero. 
3. Functions of a matrix. Using the notation of the last paragraph, let 

(4) x = 1xi, xi = giei +77i, (i = 1, 2,**, r) 

be an expression of x as the sum of irreducible matrices, then 

xi = (giei + 71i)m = gimei + mgim1 7i + ( 2) imn22 + *7*. 

*The unit epq is a matrix for which the coefficient in the pth row and qth column is 1, 
while all the other coefficients are zero. The law of combination of these units is ep qe qr = epr, 

epesr = 0 (q * s). 



124 J. H. M. WEDDERBURN. 

the binomial expansion terminating with the (m + 1)th term when m is 
less than the rank pi of ej, and with the pith term when this is not the case. 

If now f(X) is any function expansible in a Taylor series which con- 
verges for every root of x, then f(x) is redueible in the same way as x, 
the part corresponding to xi being 

(5) fi(x) = f(gi)ei + f'(gi)ni + f"(gi) 72nl + * + f(Pi-1)(gi) (p 1)! 

or, writing (5) in full but with the subscript i omitted, we have 

f() f M 9 ) f') 2 ! (p-1) ___ 

( f (9) 2./\ f (p-2) (!) 

f (9) f, (9) ** p-3! 
(p - 3)! 

f(q) 
where there are pi rows and columns and every term to the left of the 
main diagonal is zero while, in the main diagonal itself and on its right, 
the terms in the first row are repeated in the succeeding rows, all terms 
lying on a parallel to the main diagonal being the same. An important 
particular case is f(X) exp X = e for which 

(6)fi x) ei( ri +77 i+ 7+* + ( i -1 ) = ei+xi+ x~i + Xi + 

Suppose now that y = 2yi is a matrix whose reduced parts have the 
form 

pt-1 

Yi = qi(?ei + g1(l)fli + ... + gi(pr-l) (pi- 
1 

where es and 77i are the same as in (4), i.e., belong to x, and the g's are 
any set of constants. Then by the extension of Lagrange's interpolation 
formula (see ? 4 below), there is a polynomial f(X) for which 
f(Ai) = gi(O), fM(=)= , . i, f(Pi-l)(gi) = g.(pi-r1) (i = 1, 2, ... 
so that we may set y = f(x). In particular if we set 

-i(?) = log gi + 2ki7r -1 - f(gi) 

91(i) = 
di log 9t = f(i)(9) dgii 
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and also put F(X) = ef(A), then 

Fi(x) = ef(oi)[ei + f'(9i77i + (fT'(9) + f"(ig))7i2 + 

= giej + pi = Xi, 

since the coefficients of the various powers of 77i are formally the successive 
derivatives of elog 9i. We have therefore F(x) = x, so that we may set 
f(x) = log x. The logarithmic function so defined is indeterminate to 
an additive term of the form 27ri2kiej where es (i = 1, 2, * - *) is any set of 
idempotent units belonging to x and the k's are integers. It is fairly 
obvious that any function which possesses the necessary derivatives may 
be extended to the case of a matric variable in a similar fashion. 

Considerable care must be exercised in using the logarithmic function. 
For instance, if x and y are commutative, log x and log y will also be 
commutative if the same determination of log gi is used with all the partial 
units depending on the root gi; for the principal units of commutative 
matrices are commutative. If however this precaution is not taken, it is 
no longer true that log x and log y are necessarily commutative. For 
instance, if x is the matrix already used as an illustration in ? 2 and Log g 
is a particular determination. of log g, then 

Z1 = (Log g + 27ri)ell + Log g (e22 + e33) + -e23 
and 

Z2 = Log g (e11 - e13) + Log g (e22 + e33 + e13) + -e23 = z - 2rienl g 

are two determinations of log x which are not commutative. In this 
paper we shall only require logarithms in which the condition given 
above is satisfied and to indicate this we shall write Log x in place of 
log x, so that Log x is determinate to an additive term of the form 
:27rkiej where the ej are the principal units of x. The principal idem- 
potent units of Log x are then the same as those of x while, as in (5), its 
principal nilpotent units are scalar polynomials of the corresponding 
principal nilpotent units of x. 

The same difficulties arise, of course, with any multiple-valued function. 
4. The interpolation formula. As we shall have need of it later, we 

shall now develop the generalization* of the Lagrange interpolation for- 
mula referred to in the previous section. Let 

(7) so(x) = (x - 91)P1(X - 92)P * (X - 9)Pj (api = n, r > 

be the reduced equation of x, the roots g being all distinct. If we set 
* Cf. Encyc. des Sci. Math., I, 2, fasc. 1, p. 61. 
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Pi(X) = I (X - g) 
P 

j~i hi - g 
we can determine two polynomials Qi(x) and Di(x) of degree pi - 1 
and n - pi - 1 respectively such that 

Pi(x)Q,(x) + (x - gi)PiDi(x) =1. 
Setting 
(9) Ri(x) = Pi(X)Qi(X), 
1 - MiRi(x) is divisible by 5p(x) and, being of degree n - 1, at most is 
therefore zero; hence 
(10) ERi(x) = 1. 

If h(x) is any polynomial in x with scalar coefficients, then 
h(x) = 2h(x)Ri(x) 

h (Pq1) i) . 
= : [h(gi) + h'(gi) (x - gi) + + (p (- 1) !(x - i))Pilj RX(x) 

+ 2Ci(x)(x -gi)iRi(X) 

where C2 is a polynomial, being in fact the coefficient of (x - gi)Pi in the 
remainder when h(x) is expanded in a Taylor series. Now it follows 
from the definition of Ri that (x - gi)PiRi(x) is divisible by 5p(x), hence, 
setting Rij(x) = (x -gj)Ri(x), 

(11) h(x) = E E IjRij(x) (mod 5p(x)). 
i=1 J=O 

If h is of lower degree than so, this congruence is an algebraic identity, 
and therefore gives the form of a polynomial which, along with its deriva- 
tives up to the (pi - 1)th order, has arbitrarily assigned values for 
x = gi (i = 1, 2, *., r). 

When x is a matrix and o(x) = 0 is its reduced equation, then (11) is 
again an identity in the coefficients of x and gives the form of any scalar 
polynomial in x. Since Ri2 = Ri, RiRj = 0, (i $ j) and 

Rij = (x -g)jRi(x)y 

it is easily seen that Ri is what we have already called the principal 
idempotent unit belonging to gi, and Ril is the sum of the units tq which 
belong to this root, i.e., it is the corresponding principal nilpotent unit; 
we may also notice here that Riij = Rip. 

The principal units are therefore scalar polynomials in x, a result 
which is of some importance in the sequel. 

The above argument requires some modification when h is not a 
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polynomial but, in view of what has already been said in the previous 
paragraph, it is not necessary to discuss the matter here. 

Functions of two or more commutative matrices can be treated in a 
similar fashion.* Let x and y be two commutative matrices whose roots 
are gi, 92, ... and hi, h2, *.., respectively, and as above let Ri(x) and 
Ri(y) (i = 1, 2, *.. ) denote the principal units of these matrices. Then, 
if we set 

Sij = Ri(x)Rj(y), 

those Sij which are not zero are linearly independent. For, if 2:ijSij = 0, 
then 

0 = Rp(x)T,~ijSij*R q(y) = pqSp q, 
so that Spq = 0 unless Spq = 0. 

From the definition of Sij it follows that SijSpq = 0 if i $ p or j $ q, 
also Sij2 = Sij and 2ijSij = 1; hence 

x = [Ugi + (x - gi)]Sij) y = E[hj + (y -hj)]Sij 
ij i~j 

where (x - gi)Sij and (y - hj)Sij are commutative nilpotent matrices. 
If it(x, y) is any scalar polynomial in x and y, we may now set 

(x, y) = (x - g )r(y - hj)s 
r, S 

= E [D(gi, hj)Sij + Et4-ij(x - gi)r(y -hj)SSij1 
i~j r,s 

where in the second summation r and s are not both zero; or, if we let 
(x - gi)r(y - hj)sSij = Sijrs, then 

{(x, y) = E(g, hj)Sij + E ZkrsijiSjrs 
ij ij r,s 

= z+ W, 

say, where w is nilpotent, being the sum of a number of commutative 
nilpotent matrices. Now if 5a(z) = 0 is the reduced equation of a matrix 
z, and w is a nilpotent matrix commutative with z for which ws = 0, 
then, if F(z) = sps(Z), we have 

F(z + w) = F(z) + F'(z)w + ... + FPs') (z) W8-1 = 0 
(s - 1) ! 

since the first s derivatives of F(z) are divisible by so(z) and therefore 
vanish. It follows that the characteristic of the reduced equation of 
z + w is a factor of a power of that of z, and vice versa; hence the roots 
of z and z + w are the same. We can say, therefore, that if Ri(x) and 
Rj(y) (i, j = 1, 2, *.. ) are the principal idempotent units of two commuta- 

* Cf. Frobenius, "Uber vertauschbare Matrizen," Berl. Sitab. (1896), pp. 601-614. 
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tive matrices x and y, and Sij = Ri(x)Rj(y); and if gi and hj are the corre- 
sponding roots of x and y; then the roots of any scalar function {.2(x, y) of 
x and y are {f(gs, hj) where i and j take only those values for which Sij $ 0. 

The extension to functions of several commutative matrices is obvious. 
5. The automorphic transformation of a matrix. If y is a non-singular 

matrix, the problem of transforming it into itself is equivalent to finding 
all the matric solutions of the equation* 

(12) xiyx = y. 

When solved for x', this equation gives 

(13) x' = yx'lyl, 

from which it follows immediately that the identical equation of x has 
reciprocal roots and that, if g is any root other than -t 1, the elementary 
divisors corresponding to g and 1/g occur in pairst with the same expo- 
nents. It follows also from (13) that 

- = yX-ly-1 = y X-ly,_l 

so that x is commutative with y-ly'. 
If h(X) is a scalar polynomial in X, then from (13) h(x') = yh(x-')y-1, 

and therefore, in particular, the principal unit of x' corresponding to a 
root gi # i 1 is the transform of the principal unit: of x corresponding 
to 1/gi. If we denote the principal units belonging to gi (gi # 54 1) and 
11gi by ej and e-j, respectively, we have therefore 

(14) ei' = ye- y-1; 

and similarly, if e1 and e-1 belong to the roots i 1 when these roots are 
present, we have 
(15) el' = ye1y-1, e1' = yely-1. 

If now we set 
(16) X = eZ, z = Log x, 
then from (12) 
(17) 1 = x'yxy - z =Z E/Z-Y = EZ+YZY 

Here z' + yzy-1 has the same principal idempotent units as x' and z', and 
hence it has the form (QYiei' + p') where pi' is a scalar polynomial in 
pi'; hence (17) is equivalent to 

1 = Ez+Yzy-l = Zf(e' + e i' + !+ * *) 
* Here x' denotes, as usual, the transverse or conjugate of x. 
t Cf. Kronecker, Crelle, 68 (1868), p. 273. 
t Cf. Taber, "On the automorphic linear transformation of an alternate bilinear form," 

Math. Ann., 46 (1895), p. 568. The principal unit of x belonging to g is the same as the principal 
unit of 11x belonging to 1hg. 
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whence -i' = 0 and* 'i = 2kirt. We can therefore set 

(18) z' + yzy-1 = 2ir&2kjej'. 

Since x, and therefore also z, is commutative with y-ly', we have 
y -lz'y' + z = 2irt2kiyy le 'y' 

or, forming the transverse of each side and using (14) and (15), 

z' + yzy-1 = 27rt2kjyejy-l = 27rt(kiel' + k-le-l' + 2kiei') (i 4 i 1), 

and, comparing this with (18), we have 

(19) k = k(i 1). 

We can now simplify (18) as follows. Set 

zi = z - 2ir(V'kje + Xle, + X.le-1), 

where in the summation sign the prime indicates that the roots qi 3 - 1 
are arranged in pairs gi and 1 Igi and only the first of each pair is taken in 
forming the sum. Inserting z, in place of z in (18) we have from (14) 
and (15) 

z,' + yzol1 = z' + yzy' - 27rt(V'kjei' + Xiei' + Xie-,' 
+ 2'kiei' + Xiei' + X-ie-1') 

= 27rt[(k, - 2X,)ei' + (kl -2X_&_l'], 

where by a proper choice of Xi and X-1 the coefficients of el' and e-l' 
may be made equal to 0 or 1. Now evidently ezl = ez; it follows that 
there is no lack of generality in writing in place of (18) 

(20) z' + yzyl = 
where 
(21) O= le, + 62e-1 = ?l + ?2 (01, 02 = Oor 1). 
Writing now 
(22) w = z + ry, 
equation (20) becomes 
(23) w' + ywy-1 = 0, 
which may also be written 

y' (Wy-) + y(wy-') = 0, 
or, if u = WY-,1 
(23') y'u' + yu = 0, 

which is equivalent to the equation given by Cayley.t The solution of 
* Here & = V-1. 
t Cayley, lc., p. 44. Cayley's solution is incomplete as he omits to impose the necessary 

conditions on the skew-symmetric matrix which enters into his result; and this leads him to 
draw erroneous conclusions. 



130 J. H. M. WEDDERBURN. 

(23) which is given in the next section is practically that given by Voss.* 
6. The equation w' + ywy-1 = 0. We shall consider in place of (23) 

the more general equation 
(24) w= 3ywy'1 ( = :1: 1). 

Forming the transverse of each side, we get w = Sy'-Vy' or w' = /WY'-1 
whence 
(25) wy-1y' = y-1y'w or y'wy'-1 = ywy-1 

i.e., w is commutative with y'1y'. Now from (24) we have w -y-lw'y, 
so that 2w = w + Sy-lw'y. But if v is any matrix commutative with 
y-1y', then 
(26) w = v + Sy-1v'y 

is a solution of (24) as, on substituting this value for w, we get 
W - ywy-' = V' + y'vy'l' - 3yvy-' V- = 0, 

since y'vy'-' = yvy-1. The most general solution of (23) is therefore 
obtained by setting 
(27) w = v - y-1v'y VY-1Y' = y-1y'v. 

It should be noted, however, that two different values of v may lead to 
the same value of w. 

When t = - 1, we have relations among the roots and idempotent 
units of w which are the logarithmic counterpart of those already given 
for x. For, since 

(28) IX - wI = IX - w'I = IX + ywy-1I = IX + wj, 

the non-zero roots of w occur in pairs of opposite sign and with equal 
exponents in the elementary divisors. We can show exactly as in ? 5 
that if ej is the principal unit corresponding to a root gi (gi $ 0) and e_ 
the principal unit belonging to - gi, then 

(29) ei' = yejy-1, e- ' = ye y-1' 

and if eo is the principal unit belonging to the root 0, if present, then 

(30) eo' = yeoy-'. 

Since (w) = (1) ywRy-1, the reduced equation of w has the form 
WmVt1(W2) = 0; hence eo is a polynomial in w2, which gives an independent 
proof of (30), since (w2)' = yw2y-1. 

The form of w given in (22) can be still further simplified by means 
of these relations. In (21) the term Pj is the sum of partial units of x 

* Voss, l.c., p. 330. 
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coming from roots equal to unity and they therefore correspond to roots 
of the form 27rkt of z, where k is integral, and hence to roots w(2k + 1) 
of w. Let a1 be the principal unit of w corresponding to this root and a2 
that belonging to its negative - 7r(2k + 1) i so that by (29) 

a,' = ya2y-'; 

and let t11 be that part of ?j which is a partial unit of alwal so that 
i= a = j1aj; then, if ?22 = r1a2t1, we have 

?ji' = Dl'aj'?,' = y~ia2D1Y-l = yY22y-1; and similarly 
t22' = Yt11Y-1. 

But t11 = Mi1; therefore P,,' = YM22Y-1, so that ??22? = ?22 and ?22 is 
therefore also a partial unit along with P11; the rank of 1 - 11- 22 
is less than that of ?. 

If now we put 
z = z - 27rn , 

we have as before 
2' + Y2y-1 = 27rt(?,' + ?21) - 2 7rYt 7 Yt-2 j 

= 27rt(?,' - 11' - 22) + 27rt-2'- 

This transformation therefore replaces Pj by a new r with lower rank and 
at the same time does not alter x. By repeating this process we can 
reduce the rank to zero which means that we can assume t1 = 0 without 
loss of generality. 

In the same way ?-j corresponds to roots (2k + 1)7rt of z and therefore 
to roots (2k + 2)7rt of w. If k # - 1, the rank of ?-j can be reduced 
as above so that it is only necessary to take account of zero roots of w 
in considering the form of t-,. 

7. The determination of z. The results of the preceding paragraph may 
be summarized by saying that every value of x in (12) can be obtained 
by putting 
(31) z = w + 07rt, (6 = 0O 1) 
where w is any solution of (23) and r is an idempotent matrix corresponding 
to a zero root of w which satisfies the equation 
(32) /= y~y'. 
In order to complete the determination of z it is therefore necessary to 
show how ? is to be determined. The principal idempotent unit, eo, 
belonging to the zero root* of w is of course one possible value; the only 

* When the order, n, of y is odd, there must evidently be an odd number of such roots; while 
if n is even, there will be an even number or none. 
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difficulty is then to ascertain when there will exist partial units of eo 
which satisfy (32). 

We shall first separate off the part of w depending on eo by writing 

w = (1 - eo)w + eow = w1 + wo, 

where w1wo = 0 = wow,. The zero roots of w1 correspond to simple 
elementary divisors, and wo has only zero roots; both are solutions of (23). 

Suppose now that eo can be expressed as the sum of partial units of x, 
say 

eo =el +e2 + ... +ep, 

such that ejej = 0 (i $ j) and es' = yeiy-1; each ej is then a possible 
determination of t. This being so, the matrix 

a = axle1 + a2e2 + + tep, 

where the a's are scalars, is a solution of 

(33) a' = yay-, 

el, e2, - being the principal units corresponding to the roots a,, a2, 

*a, cp. Conversely, if a is any solution of (33), eoaeo is also a solution 
and if e , e2, *, * * es are its principal units, they are solutions of (32) and 
are therefore available as values of t. Also if r is a sum of any or all of 
these e's, then wo = (1 - t)wo + two, and (1 - ?)wo and ~wo are solutions of 
(23) all of whose roots are zero. Further, if e is any idempotent unit 
which satisfies (33), ewe is a solution of (23). We therefore conclude that 
every x which transforms a non-singular matrix y into itself cogrediently is 
of the form eZ where z is determined as follows take any solution w1 of (23) 
and any solution a of (33) and let r be a principal unit of the latter, then 

z = (1- )wl(l + 1Wlt + 07rt = W + 01r&, (= 0, 1). 

The determinant of x is i 1 according as the rank of r is odd or even. Here 
w may be any solution of (23) and is therefore a continuous function of a 
certain number of parameters; hence x is also a continuous function of 
these parameters but involves at least one other parameter 0 in which it 
is not continuous since the part of log x which depends on 0 vanishes 
except for 0 = 1. 

We may also notice here that we can set 

X = Ew(l - 20r)j 

where (1 - 20W) = (1 - 206); and if w = (1 - eo)w(1 - eo) + eoweo 
= w1 + wo, eo being the principal unit of w corresponding to its zero root, 
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then wo is nilpotent and, if 

(34) = e -+ 2 + e'-1 

then 
(35) x = ew1(l + -y)(1 -20v) (0 = 0 1). 

Here wI is any solution of (23) in which the zero roots have simple ele- 
mentary divisors, eo is the principal idempotent unit corresponding to 
the zero root* of w1, and y and ? are matrices which are respectively 
nilpotent and idempotent and are both solutions of 

so = eopeo, so' = yscy-i. 

8. Rational parameters. The parameters involved in the form of x 
given in the preceding paragraph enter transcendentally. If however 
we set 

(36) t = tanh 2 Z+ l = x 1 
then ez = (t - 1)/(t + 1) or 

(37) x t + 1, 

also 

yty-1=yxy 1 = =", = - 1 ? 

so that t is a solution of (23); and if the coefficients of t are taken as 
parameters in so far as they are independent, (37) expresses x rationally 
in terms of these parameters. If, however, {x + 11 = 0, t becomes 
infinite, so that this form cannot give any solution which has roots equal 
to - 1, at least directly. The difficulty arises from the fact that 
tanh (0/2) -X o as 0 -* irt, but, since (t - 1)/(t + 1) EZ for all values 
of t which do not possess an infinite root, i.e., a root corresponding to a 
root (2k + 1)7rt of z, then x will be a solution of (12) so long as the coeffi- 
cients of z are continuous functions of the parameters involved and the 
limiting value of x is finite and determinate. Now z is a continuous 
function of the parameters involved in v in equation (26) but is in general 
discontinuous in the coefficients of I; and moreover a ? term is present 
only when x has a root - 1. Hence if z is a solution of (17) which has no 
root equal to an odd multiple of irt, then t is finite and the expression for 
x in (37) remains finite even if t becomes infinite so long as z is finite and 
has no v term. 

9. Automorphic transformation of symmetric and skew-symmetric matrices: 
orthogonal matrices. If y is symmetric or skew-symmetric, the matrix v 

* If w1 has no zero root, y, 0 and ? are equal to 0. 
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occurring in the solution of (24) is entirely arbitrary since y'1y' - 4 1. 
Hence from (26) 

W = V + ly'v'y = (vy' + by'v')y = Uy, 

where u = vy-1 + by-lv'. Taking 6 = - 1, u is skewN-symmetric if y is 
symmetric and vice versa, and as any skew-symmetric (symmetric) matrix 
can be put in this form, u may be taken to be an arbitrary skew-symmetric 
(symmetric) matrix. Similarly if 6 = + 1, the value of a in (33) becomes 
a = by, where b is an arbitrary symmetric (skew-symmetric) matrix. 

If y = 1, then w is skew-symmetric and a symmetric; hence every 
orthogonal matrix has the form 

x = ew(l - 20r), (O = O.I 1) 

where ' is a symmetric idempotent matrix (which may be zero) and w is 
a skew-symmetric matrix commutative with P. The known theorems re- 
garding the roots of real orthogonal matrices are readily derived from this 
form. 
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